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The aim of this paper is to review of our results on description 
of the multi-parameter deformed oscillators and their oscillator 
algebras. We define generalized {q; a, f5,f; u)- deformed oscillator 
algebra and study its irreducible representations. The Arik-Coon 
oscillator with the main relation aa~^ — qa^a = 1, where g > 1 is 
embedded in this framework. We find connection of this oscillator 
with the Askey Hermite polynomials. We construct family of 

the generalized coherent states associated with these polynomials 
and give their explicit expression in terms of standard special 
functions. By means of the solution of appropriate classical 
Stielties moment problem we prove the (over)completeness relation 
of these states. 



1. Introduction 

The oscihator algebra plays a central role in the 
investigation of many physical systems. It is also useful 
in the theory of Lie algebra representations. The physical 
motivation of the study of deformed boson and fermion 
quanta is connected with the hope that the deformed 
oscillators in nonlinear systems will play the same role 
as usual oscillator in the standard quantum mechanics. 

The investigation of the one-parameter deformed 
oscillator algebras in theoretical physics originated from 
the study of the dual resonance models of strong 
interactions [T] . The g-deformed analog of the harmonic 
oscillator was introduced in the well-known papers [5J[3]. 

In parallel with the one-parameter deformed 
commutation relations the two-parameter (p, q)- 
deformation of this relations has been introduced [4l[5]. 
The connection (p, q)-deformed oscillator algebra with 
(p, q)-hypergeometric functions has been established 
in [BJ.The two-parameter deformed boson algebra 
invariant under the quantum group SUg-^/g^ ( 'Fibonacci' 
oscillator) was studied in [7]. 

A wide class of the generalized deformed oscillator 
algebras studied in literature is connected with 
the generalized deformed oscillators. The attractive 
description of the systems of particles with continuous 
interpolating (Bose and Einstein) statistics, the 
theory of fractional quantum Hall effect, high Tc 



superconductivity require of an deformation of the 
canonical commutation relations. The g-deformed 
oscillators are used widely in the molecular and the 
nuclear spectroscopy. Nonlinear vector coherent states 
(NVCSs) of /-deformed spin-orbit Hamiltonians became 
the focus of attention the research of [8]. This class 
includes multi-parameter generalization of the one- and 
two- parameter deformed oscillator algebras [51 [HI UHl 
[TTl [T^ [T31 [13] . Some of them have found application in 
investigation of various physical systems. 

The multi-parameter deformed quantum algebras 
was used in work |15| to construct integrable multi- 
parameter deformed quantum spin chains. It is naturally, 
the magnification of the number of deformation 
parameters makes the method of the deformations more 
flexible. Although multi-parameter deformed quantum 
algebra in some cases can be mapped onto standard 
one-parameter deformed algebra |16[ [T7] the physical 
results in both cases are not the same. The Hamiltonian 
of the electromagnetic monochromatic field in the Kerr 
medium [18] is embedded in the framework of four- 
parameter deformed oscillator algebra [12]. This gives 
the complete description of the energy spectrum of this 
system. The most general famous examples of the multi- 
parameter deformed oscillator algebras is the {q; a, (3, 7)- 
and {q,p]a, (3,1)- deformations of the one- and two- 
parameter deformed oscillator algebras [Qj [lOl [TTJ . 

The modified oscillator algebra [19] has found 
applications in the study of the integrability of the 
two-particle Calogero model [2U]. This algebra has 
been generalized to Ca -extended oscillator algebra [21] 
with the hope to exploit theirs for construction of 
new integrable models. The generalized CA-extended 
oscillator algebra - the S'Ar-extended oscillator algebra, 
supplemented with a certain projector- underlying an 
operator solution N-particle Calogero model [22J. For 
the same purpose a "hybrid "model of the q-deformed 
and the modified oscillator algebras has been proposed 

To complete the cycle of these ideas we have proposed 
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the generalized (q; a, {3, 7; i/)-deforined oscillator algebra 
as "the synthesis"of the (g; a, /3, 7)-defornied ^ i9j and 
zy-modified oscillator algebras [19]. The unified form of 
the (q; a, /3, 7; i')-deformed oscillator algebra is useful not 
only because its gives unified approach to the well-known 
examples of the deformed oscillator algebras, but also 
because it gives new partial examples of the deformed 
oscillators with useful properties. By means of selection 
of special values of deformation parameters we have 
separated a generalized deformed oscillator connected 
with generalized discrete Hermite II polynomials |13| . 
By theirs means we have constructed the Barut- 
Girardello type coherent states of this oscillator. 
We have found the conditions on the (q; a, /3, 7; z^)- 
deformation parameters at which the (q; a, /3, 7; z^)- 
deformed oscillator approximate the usual anharmonic 
oscillator in the homogeneous Kerr medium. The Arik- 
Coon oscillator with the main relation aa+ — qa^a = 
1, where q > 1, is embedded in these framework. 
We find connection of this oscillator with the Askey 
g^^— Hermite polynomials. We construct family of 
the generalized coherent states, associated with these 
polynomials, and give their explicit expression in terms 
of standard special functions. By means of the solution of 
appropriate classical Stielties moment problem we prove 
the (over)completeness relation of these states. 



fin) = 



1 -g" 

1-g 



(3) 



2. The Biedengarn-Macfarlane q-deformed oscillator 
algebra H [3] 

aa^ ~ qa^a = q~^ , aa^ — q^^a^a = q^ 
[N,a] = -a, [N,a+] = a+. 



/(") = TT' 9 € 

q-q 



(4) 



3. The Chung- Chung-Nam-Um generalized {q\a,f3)- 
deformed oscillator algebra [S] 



aa+-qa+a = q°'^+^, [N,a] = -a, [N,a+] =a+,qeM.+ , 



_ J/^^, if 1; 



(5) 



where a, /3 e M. 

4. The generalized (g; a, /3, 7)-deformed oscillator 
algebra [TU] 



aa+ - q^a+a = q^^+Z', [N,a] = -a, [N,a+] = a+. 



2. Oscillator algebra and its generalized 
deformations 

The oscillator algebra of the quantum harmonic 
oscillator is defined by canonical commutation relations 



[a, a 



+1 _ 



l,[A^,a] = -a, [iV,a+] = 



(1) 



It allows for the different types of deformations. Some 
of them have been called generalized deformed oscillator 
algebras [HI HH [23 HSI ■ Each of them defines an algebra 
generated by the elements (generators) {1, a, a"*", A^} and 
the relations 



(2) 



a+a^J{N), aa+ = f{N + l), 

[N,a] = -a, [N,a+] = a+ , 

where / is called the structure function of the 
deformation. Among them - the multiparameter 
generalization of one-parameter deformations [51 [TOl fTTl 

da da EH [231126]. 

Let us recount some of them. 

1. The Arik-Coon g-deformed oscillator algebra [1] 



aa 



qa+a = 1, [N,a] = -a, [A^, a+] = a+, g G 



f{n) = \ 9° -9'" ' if " ^ 7; 

1 nq'^~^~^^ ^ if q: = 7, 

where q S K+, a, /3, 7 G K. 

5. The z/-modified oscillator algebra [T9l [20] 



[a, a+] = 1 + 2vK, [N, a] = -a, [A^, 



(6) 



aK = -ATa, a+ K = -Ka+, = l,v e 



fin) 



2k + l + 2v. ifn = 2fc: 



2fc-j-2, 



if n = 2fc + l. 



(7) 



This oscillator, as it has been shown in ^20j, is linked to 
two-particle Calogero model [27] . 

6. The deformed Ca -extended oscillator algebra [5T] 
is defined by the relations 



[a^a \q — aa — qa a 

A-l 



H{N) + K{N) J2 VkPk, [N, a] = -a, [A^, a+] = a^ 



k=0 



aK = -Ka, a+K = -Ka+, = 1, i^fc e 



(8) 
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where Vk G K and H{K), K{N) are real analytic 
functions. This algebra permits the two Casimir 
operators Ci = e^^^and C2 = J2k=o e-2^^(^-'^)/^Pfc. 
7. The new {q; j/)-deformed oscillator j23] 

aa+ - qa+a = (1 + 2vK)q^^ , [N, a] = -o, 

[TV, a+] = a+, ifa = -aif, ii:a+ = -a+K, = 1, 



fin) = ( 



--. h 2// — 



(9) 

q-q-' q + q-' ^ 

has been defined by the combination of the idea 
of Biedenharn- Macfarlane [21 1^ g-deformation with 
the Brink, Hanson and Vasiliev idea [20l of the i'- 
modification of the oscillator algebra. 

8. In order to complete this cycle of ideas we consider 
a (g; a, /3, 7; i/)-deformed oscillator algebra - "hybrid"of 
the (g; a, /?, 7)-deformed © and the z^-modified ([7]) 
oscillator algebras - or, more exactly, an oscillator 
defined by the generators {/, a, a^, N, K} and relations 



q^a+a= {l + 2uK) 



aN+l3 



[TV, a] = -a, [N, a+] =a+,Ka - 



Ka 



+ _ 



-a+K, [TV, K] =0, N+ = N, K+ = K, 



(10) 



where g g M+, a, /J e M, e M - {0}. This model unifies 
all deformations 1.-7. of the oscillator algebra ([1]). 

3. Generalized (g; a, /3, 7; i/)-deformed oscillator 
algebra and its simplest properties 

(a) {q; a, P,^; v)- deformed structure function. 
Description of an deformed oscillator algebra requires 
the determination of the deformation structure function 
fin). 

Equations ([2]) and (fTUl) imply the recurrence relation 

f{n + 1) - qy{n) = (l + 2i.(-l)") (11) 

Its solution is obtained by the mathematical induction 
method [55]. The solution of the equation (|lip with the 
initial value /(O) = is given by the following formula 

fin) = 



\ q<- 



-(-l)"g° 



if a 7^ 7; 



(12) 

(h) Useful formulas. Following formulas will be useful 
for the study of this algebra. One of them is 

a(a+)"-g'^"(a+)"a= [n; a, 7; i/An(a+)"-ig"^+'^, (13) 

where n > 1, and the other one 

[n;a,7;i/X] = 




2vK 



9^ +9° 



if a 7^ 7; 



(14) 



is deduced by the method of mathematical induction. 
The direct calculations leads to (|T3| . For [n\a,^\vK] 
the second formula gives the generating function 



f -i-^ + 2i^i^TxVy if a 7^ 7; 
jy^^+2vK^^^, if a = 7. 



(15) 



(d) Deformed C^-exlended and {q;a, (3, j;v)- deformed 
oscillator algebras. 

The defining relations of the deformed C2 -extended 
oscillator are given by 

aa+~q''a+a ^ H{N) + i^(^E{N+l) + q'^E{N)yPo-Pi), 
[N,a+] = a+, [N,Pk] = 0,a+Pfe = Pk+ia+ , 

Pi+P2 = I,PkPi=Sk,iPi, (16) 

where q,i^ G R,k,l = 1,2, and E{N),H{N) are 
real analytic functions. As we saw above the deformed 
extended oscillator algebra C\ permits the two Casimir 
operators Ci , C2 . In case of the C2-extended oscillator 
algebra they have the form 



Ci = e 



2-RiN 



C2 = e'^'^K. 



Let us define the operator 

C3 = q-'''^(^D{N) + vE{N)K - a+a 



(17) 



(18) 



where D{N), E{N) are some analytic functions of iV. 
The operator C3 will be the Casimir operator of the 
oscillator algebra (fTB)) if the only one condition [C3 , a] — 
holds. It amounts to determination of the solution of 
the equations 



nq 



7(n- 



-i)+^ + 2i.g^("-i)+^(i^i^), if a = 7. K{N),,k= E{N + 1)^+, - q-< E{N)h, 
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H{N) = D{N + 1) - q'D{N), 



(19) 



where = —v\ = /Sq — 0, 132 = 0, Pi = u, k — 0, 1. 
Substituting the solution E{N) = 2q°'^+!^/{q^ + g") of 
the equation of (HH) and H{N) = in dUl), we 

obtain the commutation relations of the (g; a, /3, 7; i/)- 
deformed oscillator algebra (fTO|) . Moreover, the solution 



D{N) 



+ 2v 



q-'+q" 



if 7 7^ a; 



of the first equation (|T9| gives the explicit form of the 
Casimir operator 



if a 7^ 7; 



(7V + ;/(l + (-l)^)g' 



q-'+q" 



^ if a = 7. 



4. Classification of representations of unified 
(g; a, /3, 7; i^)-deformed oscillator algebra 

As has been shown in the previous Section the 
(g; a, /3, 7; i^)-deformed oscillator algebra allows for a 
nontrivial center what means that it has irreducible 
non-equivalent representations [29l |30]. We give a 
classification of these representations by a method 
similar to the one in the articles [311 [52] ■ 

Due to the relations ([T0|) and ([T7| there exists a 
vector |0) such that 

a+a|0) = Ao|0),aa+|0) ^ ^iolO), 



N\Q) = xo\f)),K\0) = ^e-'^''"\Q), 



(20) 



where (0|0) = 1 and u) is the value of the Casimir 
operator C2 in the given irreducible representation. By 
means of (1131) we find that vectors 



\n)' 



(a+)"|0), ifn>0; 



(21) 



(a)-"|0), ifn<0 
are eigenvectors of the operators a^a and aa+ : 
a+a|n)' = A„|ri)', aa+|n)' = /i„|n)'. (22 



Let us define new system of the orthonormal vectors 

{\n)}lZ^^, by 



-1/2 



nLiAfe (a+)"|0), ifn>0; 



'jlCiXr+k) '^'(a)-"|0), ifn<0. 
Then the relations pO|) are represented by the operators 



(23) 



a+|n) = yj\n+i\n + 1), a|?i) = V^l*^ " 1) 



7V|?i) = (>^o +")|?^), K\n) = 



(ziZ 

2zy 



Bin) 



(24) 



where B — 2i 



E R. Due to non-negativity of the 



operators a+a, aa^ we have A„ > and /i„ > 0. 
From the identity a{a'^a)\n) — (aa~^)a\n) we find 

An = fJ'n-l (25) 

and from ([M)) the recurrence relation 

A„+i - g^A„ = (1 + (-i)«B)g"("+-o)+/3. (26) 

Take into account the relation (ITUl) the solution of 
equation (|26p can be represented by 

A„ = 



Aog^" + q-'^o+pfiz^ , if a ,6 7; 

Ao9'^" + -I- , if a = 7. 

(27) 

The nonnegativity of A„ (7 — a 7^ 0) implies for n ~ 2k 
and for n = 2fc -t- 1 respectively 

1 



B 



q'y - q" qi + q°'J' 



qt - q" 



B 



(28) 



(29) 



q'> + q"J ~ \q'> - q" q'< + q°' , 

The representations of the generalized oscillator algebra 
are reduced to the four classes of unireps: 

(i) Assume q < 1, a = 7 > 0, or g > 1,q: = 7 > 
0, i? < 0. The nonnegativity A„ implies 

Aog-7(Ko + l)-/3(^ + g^7(«-l))jj ^-(~^)" ) > 0. 
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Therefore there exists no such that A„ < Ofor all n < np. 
After possible re-numbering we may assume 

a|0) = 0, Ao = 0. 

Therefore the representation of the relations PU)) is given 
by formula with 



B 



i-(-ir 



Vn > 0. 



(ii) Assume "f — a> q> 1 (7 — a<0, 0<(7<1). 
From this it follows that at least one of the numbers 
^^■3^ ± -^^ij^ is positive. Due to (|28l) , ([291) there exists 
no such that for all even or odd n < ng, A„ < and after 
possible renumbering we may assume 

a|0) = 0, Ao = 0. 

The nonnegativity condition for A„ implies B > —1 
gives: 



• If _B > — 1. The representations relations (jlO)) are 
given by formulae with 



,7n 



+ q" 



(30) 



The arbitrary values of the parameter kq, and 
B > —\ define nonequivalent infinite-dimensional 
representations ([^ of of the relation ([TU|) . 



• If S = — 1. In this case due to p5|) Ai = /iq and the 
representations ([24| are defined by 



0, TV = >^o, K 



1 

2^' 



(31) 



(iii) Assume gr < 1, 7 — a > 0, (q > 1, 7 — a < 0). 
From this it follows that at least one and only one of 
the numbers -^r^ ± i+q^^ is positive. Due to (gH)), (ED) 
there exists no such tliat for n > uq the A„ is negative 
for even and odd values n. This implies a"'"|n) = for 
some n > hq. After possible renumering we have 

a+|0)=0 (32) 

This condition implies Ai = 0, or Aq = _g"'^o+/9-7(i + 
B). The condition Aq > is equivalent to i? < — 1. 
If S = — 1, one obtains the representation pip . 
If B < -1, it leads to 



•■( 



1-g 



(a — 7)71 



1 - 5("-7)«(_l)' 



B(l — 1 ^^_q-7')>o. (33) 

q'< + q°' ^ J - ^ ^ 

The nonnegativity condition for A„ gives a restriction for 
possible values of B : 



• For values B < g-i^qo, we have A„ > 



0. 



Therefore the representation of ([TOl) with A„ ([33]) 
gives representations (??). The arbitrary values 
of parameter kq and B < distinguish 
irreducible representation. 



For values B — ^ 



ql+q<: 



we have A„ > 0. The vector 
space of this representation is a span of the two- 
dimensional vectors 



^-1 



and due to ([M)) the representation are defined by 








N = 





Xo 



1 



2v 







(34) 



These representations are distinguished by the 
arbitrary values and B — ± '^^^^„ , Ao = 

(iv) Let us assume g < 1, 7 — a > 0, (q > 1, 7 — a < 0) 
and A„ be defined by (l?f)) . This and the conditions that 



both values ± q-i+q" ^''^ noupositive (then at last 

one of them must be strictly negative) lead to cases (see 
There are following possibility: 



< 0. (35) 



x) f Ao9-("-"+« + ^— + -^—] 
' \ q'' -q° qf + q"J 



Due to , (|29p there exists no such that for n > uq the 
A„ is negative for even and odd values n. This implies 
as in (ii): 

• B < — glt^ga ■ These representations of the 
relations (fTO|) are given by formulae ([24)) with A„ 
(SOI). 

• —1<B. These representations of the relations PU)) 
are given by formulae pip . 
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b) ( Xoq-^'^^^+P^ + i + ^ \ > (36) 

This condition implies A„ > 0,Vn G Z. This 
representation is given by formulae (|24l) with A„ as (|27p 
for a 7^ /? and n € Z. 

c) f Aog-(""«+'3' + — - — + ^ ) = 0. (37) 



q'+y" 



implies A„ > OVn e Z. The 



representations the same as in b). 

• \B\ = -^T^ imphes A„ > OVn e Z. It follows 
A„ — OjVri ~ 2k. The vector space of this 
representation spanned by the two-dimensional 
vectors 



^1 



Therefore the representation is two-dimensional 
and given by the formula 
















>('<0 + l) + l3 



parameters we shall construct operators approximating 
this Hamiltonian. 

If a = 7 we consider the (g; a, /3, 7; zy)-deformed 
oscillator algebra (fTO| and define the corresponding 
Hamiltonian by 



_H = — ^(a a + aa ), 



(40) 



or 



(41) 



,''-+^(iV + l + 2.1-i^ll^)]. 

Assuming small values of 7 and /3 in this operator we 
obtain an approximation of this Hamiltonian 

Hn ^ !^[2N + I + 2-f{N - I)N + (27 + 2p + 2i^)N+ 

0(7^/3^/3^,7^^)]- (42) 
Comparing ((5^ and (I42p we obtain their equivalence if 

^ = 7^^ fi + y = -- 



2fkJr, 



2huJri 



1 



(38) 



If 7 ^ a V — Q we consider (g; a, /3, 7; zy)-deformed 
oscillator algebra pO)) and the Hamiltonian 



„ ^0 + 

/i aa , 

2 



(43) 



These representations are defined by arbitrary 
values of xq^ and Ao = 0, i? = — ^-,^^0 ■ 



5. Generalized (q; a, /3, 7; i')-deformed oscillators 
and nonlinear quantum optical model 

In this Section we study some aspects concerning the 
possible interpretation of (q; a, /3, 7; i^)-deformed non- 
interacting systems describing non-deformed interacting 
systems. We consider an anharnionic oscillator in 
quantum optics defined by the Hamiltonian H to 
describe laser light in a nonlinear Kerr medium. In lower 
order it is of the form [TSl 



~2 



HKerr - -^{2N + 1) + -N{N - 1), 



(39) 



where k is the real constant related to nonlinear 
susceptibility of the Kerr medium. In the framework 
of the (g; a, /3, 7; i/)-deformed oscillator algebra with 
the help of a corresponding choice of the deformation 



H 



N 



(44) 



If we introduce the new deformation parameters q = 
e, a = p + /i, 7 = p — /i, /3 = 0, then Hamiltonian ([^^ 
takes the form 

HN-e"^^ e _e_ ^ 

2 — e ^ 

ePJv!^|o (gM^ + gMA^-i) + , , + g-A'(^-i) + g-MA^). (46) 

Assuming small values of fi and p in this operator and 
using the expansion 
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''^ ~ / + pN + . . . where f{z) belong to a space of functions (analytic if l/a 

is an integer). It follows 



we obtain 



t.{N+I) _ ^1,{N+I) n"^ N{N +1)(2N +1) „ Z" -an-/3_ an+/3 ^ 



et^-e-f' -v---r-;-r2 g , ^;/" p-'-g' (n)! dz" ■ 

^'^'^ If ?/a is an integer, then for an analytic function f(z) = 

fiLOn //^ 2 'y'.T-n fln-z" we have 

H^^^[i2N+l) + i^+2p)NiN-l) + {-t^'+Sp)N+ 

Df{z) = y^P ^-A (53) 



Comparing ([39ll and ((47|) we obtain their equivalence if 



Then in this space we can give the "coordinate "realization 



2 9 2k of the relations dUl): 



: f ^ q'^' I ^ /(g^),p-^ : / ^ P"^^/ - /(p'^^), 



6. Generalized (q,p; a, /3, Z)-deformed oscillator 

We introduce the multi-parameter generalization of ^ 

the two- parameter deformed oscillator algebra [TlJ a : / — £>/, a+ : / z'/"/, iV : / z — . (54) 

(p, q; a, /3, /)-deformed canonical commutation relations '^^ 

by the formulas Indeed, from ([5l)) we obtain 

aa+ - g'a+a = p-"^-^ aa+ - p-'a+a = 

[iV,a]==--a, [7V,a+] = -a+. (49) 
a a 



az az 



It is easy to see that function f{n) for this case has the o^Ar/(z) — l/az ^ d^'^^^'^' 
form 



-an—fS _ an+P 

/(") = - — ^r^i — (50) 



It follows 

[N,a+]f ^ l/aa+f. (55) 



with a, /3,£ R,l G The creation and annihilation 

operators a, a+ and the operator of the relations (|49p and analogously, 

act on the Hilbert space Ti. with the basis {|rt)},n — 

0,1,2... as follows [N,a]^-l/aa. (56) 

\n) = —. ; ) \n + l/a) In a similar way, from (|54p we obtain 

/ -a-l3 _ a+p\'-'^ a^afiz) — ; ; , 

a\n)^ P \n~l/a). (51) P"' - 

V p ^ - q^ J 

We define the difference operator (the Jackson 

derivative) „ ^(,) ^ /(^-"^)^-J:; -^/(^"-)'^'"^ (57) 

^.(._ fip-"^)p-'-fiq''^)q' .521 ' ™ 

^ ' (^p-i _ qi^z^/"^ ' ^^^"^1 therefore, representation of the relations (|49|) . 
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7. Generalized (g; a, b, c; 0)-deformed oscillator 

The unified form of tlie {q; a, /3, 7; z^)-deformed oscillator 
algebra is useful not only because its gives unified 
approach to well- know deformed oscillator algebras 1.-5. 
of Sec. 2., but also because it gives new partial examples 
of the deformed oscillators with useful properties. 

Let us consider the example of such oscillator algebra. 
It is convenient to introduce in (|62p the new deformation 
parameters 



where 

, / 1 _ /7" + l \ 1/2 

r„ = [n 1; g; a, b, c; 0]'/' = g-/^ (^y^) 



is a unbounded symmetric operator. Its closure Q is not 
self- adjoint operator and has the deficiency indices (1,1) 
[36J. Defining the generalized eigenfunction Q\x) = x\x), 
where |a;) = X]n=o obtain the recurrence 

relation 



a = 2a + c-l, P = 2a + b, 7 = 2a, 



(58) rn-lPn-lix) + rnPn+l{x) = xPn{x). 



(64) 



and assume v ~ 0,a ^ ^. Then we obtain generalized 
deformed oscillator 



The coefficients Pn{x;q) of this equation satisfy the 
relation 



[N,a\ 



xPn(x;q) 



- q)-"\q-^-+'\l - q-^'))'^" Pn+l{x; q) + 



aa+ - q^'^a+a = qMN+D+b^^N ^ 

with the structure function of deformation 

fin) = [n; q; a, b, c; 0] = q2a„+6|^__l__^ 



(59) 



q'/\l~q)-'/'{q--a - g")) (x; g). 

Introducing the change of variables 2y = g^^/^(l 
g)i/2x, iP{x; a) = P{2q^/^{1 - q)-^/^x) and 



(65) 



(60) 



and whose properties we shall study below. 

8. Arik-Coon oscillator with g > 1 and 
(g; a, 6, c; 0)-deformation 



tpn{x;q) = 



hn{x-,q) 



(66) 



^-n(n+l)/4(^.^)l/2 

we obtain the recurrence relation 

2xhn{x]q) = /i„+i(x;g) +g""(l - g")/i„„i(a;; g). (67) 



Fixing the values of the parameters in (|59p we arrive to 
the oscillators well studied in literature: a = 1/2, b = 
— l,c = (the Arik-Coon oscillator with g < 1) 
connected with the Rogers g— Hermite polynomials, 
a = —1, & = 2, c = 2 (the oscillator, connected with the 
discrete g-Hermite II polynomials |33]). The replacement iT-ni^] q) = 
q ^ 1/g in ([3]) leads to the oscillator 



The solution of this equation with initial conditions 
h(){x;q) — 1, hi{x;q) = 2x is given by the g^^ — 
Hermite polynomials [37] 



k=0 



ill q)k{q;q)n~k 



[N,a]^-a, [iV,a+] = a+,aa+ - g"^a+a = 1, (61) 

where g < 1 which is equivalent to the oscillator 
where a ~ —1/2,6 — l,c — 2, with the structure 
function of the deformation 

/(n) - [n; g; -1/2, 1, 2; 0] = g-"+i i^Y^) ' < ^ ^^^^ 

connected [34] with g~^-Hermite polynomials Askey |35) . 
As has shown [M] the operator Q = a+ + a, or 

Q|n) =r„|n + l)+r„_i|n-l), (63) 



l^^\fqKk-n)^^ + Va;2 + 1)"-^ (68) 
The orthogonality relation for these polynomials is 



Kn{x; q)hnix; q)dv{x) = g 



- „-n(n+l)/2 



(g; q)n&m,n- 



(69) 



(a) Generalized Barut-Girardello coherent states. We 
denote by T-Lf the Hilbert space spanned by the basis 
vectors \n >= ipnix; g), n = 1, 2, . . . of the orthogonal 
polynomials . We consider Hp sls the Fock space for 
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the operators a+,a. These operators ([5^ m the space 
Hp are represented as 



a\n) = r„_i|n - l),a+|n) = r„|n + 1) 



(70) 



The coherent states of the Barut-Girardello type for 
this oscillator in the Fock space 1-Lf are defined as 
eigenvectors of the annihilation operator o 



a\z) ~ z\z)^ z e L. 

Thy are given by the formula 

oo „ 

k)=AA-i(|z|2)^^|n), 

n—1 

where M is normalized factor and 

^1, if n = 0; 

r„r„_i...ri, if n = l,2, 



(71) 



(72) 



We consider the coherent states of this oscillator, 
connected with g~^-Hermite polynomials They are 
given by the expression ([7^ . where 



1-9 



i/2 



and 



|n) = il)n{x]q) = 



hn{x;q) 



^-„(„+l)/4(^.q)i/2- 
It follows 

|z)=AA-i(|zp)|z)x 

/ 1 \ "/2 

g-"("+l)/4(g; q)^^ g-"(«+i)/4(g; qfj^ ' 



or 



:AA-i(|znf;(yT^)v^/^^^||^^". (73) 



n=t) 



Take into account the relation (1691) the normalizing 
factor can be written 



°° „n(Ti-l)/2 



(l-g)"|z|^" = (-(l-g)|zhg)^, (74) 



or 



Using the generating function [5S] 



(75) 



°o j-n„n(n-l)/2 



hnix;q) 



(76) 



(-t(x + ^2^2 + 1); t{^/x^ + 1 - x)) 

for polynomials hn{x;q) and (j73p one obtains 



(-z^q{l-q){x + V^^^TT); Zy/q(l - q){V^^^TT - x)) 



(-(l-g)|zP;g 



1/2 



(77) 



(b) Completeness of generalized coherent states. It is 
necessary to prove the decomposition of unity formula 



(78) 



/ / M^(|zn|z)(z|d2^ = ^|„)(„| = i 
i.e., to construct a measure 

dn{\z\^) = W^(|znd2;2^ (fz = (Rez)(lTOz). (79) 
Using ([7^ the relation ([75)) can be represented as 

rdxa;"i^|n)(n| = l, (a:=|zn. (80) 
„=o ^"-1 "'o 



Defining 



W{X) = TT 



(81) 



Af^{x) 

we arrive to the solving of the classical moment problem 

1 \» 



1^ dxx-W{x) = rl_,\ = (^) 



-«(n-l)/2 



iq;q)r. 



(82) 



and replacement of the variables W{y) — ]-— W^(y^) 



(83) 



leads (j82|) to the form 

dyy-W{y)=q--^--'y^q;q)n. 
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In order to solve moment problem (j83p we define a q- The formula integration by parts has the form 
exponential function 



eg{x) = o<l>o{x;q) = ^ 



,2 I 



n=0 



E 

where 



E 



n(n-l)/2 



o(/>o(a;;g) = ( _ _ g; -a;) = (-a;; (?) 



Define deformed derivative by 



f{q-'x)-f{x) 



one obtain 



9 '-X 



r.2 ^n-l 



0, 



if 71 > 0; 
if n = 



and therefore 
[- 



(84) 



(85) 



(86) 



Let us consider the integral 
d 



d 

^ dx^ 



[u{x)-v{x)]~ I [—]^u{x)-v{q-^x). (93) 



^"[^],e-(.) 



a;"e-i((7-ia;). (94) 



Using the formula (j93|) we obtain 



x"e-^(g-^x) = / x"-^e,-^(g-^x)c^i (95) 



(96) 



(97) 



Take into account (j92|) and (j96|) we obtain solution of 
the classical moment problem 



(87) or 



The following Leibniz rule holds for this deformed W{y) 
derivative 



^dx' 



q[uixyv{x)] 



[£]<juix) ■ v{q ^x)+u{x)-[£]gv{x), 
vix)-[^],u{x)+uiq-^x)-£],v{x). ^ 

(^9) so that 

From this rules and relation e~^{x)eq{x) = 1 we obtain 



-,-1+1 



)+Siy-q'+')]e,iq~'y). (98) 



dx^" 
d 



(eg{x)eg\x) 



d 

:J 

^]<2-.v"; -g 



Wix)^^eg[q-\l-q)x): 



CO 

Y.x[s[{l ~ q)x ~ g-'+i) + <5((1 - q)x - q'+')\. (99) 



I.e., 

. d 



eg{x) ■ e-\q-^x) + e,(x) ■ [^]ge~\x) = 0, (90) 

The measure in (|79p is given by 



(91) rfMkP) - ^(-(1 - 9)1^1'; 9)oo)e,(<7^i(l - qM 



We now introduce the Jackson integral corresponding to 
the derivative (l86l) 



/(<)di, = 9-i^g-'+V(9-'+^)+9'+V(9'+'). (92) 



^ |zp [^((1 - q)\z\' + ^((1 - ,)|zp - 



i=0 



/=0 



(100) 
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9. Conclusions 

The aim of this article is observation of the results 
obtained in [T51 [HI [5S] on the generalized 

(g; a, /3, 7; z/)-deformed oscillator algebra. We study 
general properties of this algebra. The Arik-Coon 
oscillator with the main relation aa^ — qa^a = 1, where 
q > 1, is embedded in the framework of the unified 
(g; a, /3, 7; z/)-deformed oscillator algebra. In addition 
we discuss for this last case uniqueness the solution 
of the Stielties moment problem. The subsequent 
investigations of the properties of the (q; a, /3, 7; u)- 
deformed oscillator algebra and its applications can be 
found in the works [8, 40l HH gl gSl ,44 45j. 

The research was partially supported by the special 
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National Academy of Science of Ukraine. 
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ySArAJIbHEHI /];E<1)0PM0BAHI OCLi;iIflJI5ITOPH B PAM- 
KAX OB"e/];HAHOI {q;a,l3,r,i')- flEOOPMAIj;n I IX OC- 

li;hjijijitophi ajifebph 

M.M. Byp6aH 
P e 3 K) M e 



OBOBmEHHblE flEcSOPMHPOBAHHblE OCIIHJIJIilTOPbl 
B PAMKAX OB'BE/IIHHEHHOH {q; a, P, 7; i/)-flE<l)OPMAIj;HH 
H HX OCLi;HJIJIJITOPHbIE AJIFEBPH 

H.M. Byp6aH 
P e 3 K) M e 



MeTOio Li,iei cxaxTi e orjiH^ Hamiix pesyjibTaxiB 3 no6y^o- 
BH ysarajiBHeHHx (g; a, /3, 7; /^)-^e4)opMOBaHHx ocLi,Hji5iTopiB i ix 
ocii;HjiHTopHHx ajire6p. Mh BiiB-^aeMO 11 HesBiflni npe^CTaBjicii- 
HH. SoKpeMa, ocu,Hji5iTop ApiKa-KyHa is tojiobrhm cniBBi^HomcH- 
HHM aa"*" — qa'^a = 1, where ^ > 1, BKjiaflaeTBca b i^i paM- 

KH. Mh SHaxOflHMO 3b"5I30K U,BOrO OCLl,HJIHTOpa 3 epMiTOBHMH 

g~^-fle4>opMOBaHHMH nojiinoMaMH AcKi. Mh 6y/iyeMO ciM"io ko- 
repeHTHHx cTaaiB THny BapyTa-fl»cipapflejijio fljia i^Boro ocipijia- 
Topa. 3a flonoMoroK) po3B"a3Ky BiflnoBiflHoi' KjiacHHHHoi npo6jie- 
MH MOMBHTia CTijiBTGca MH flOBOflHMo BjiacTHBicTb (nepenoBHeHo- 

CTi)nOBHOTH DHX CTaniB. 



LfcjiBio 3TOH CTaTBH HBjiHeTCH o6o3peHHe HaniHX pe3yjlbTaTOB 
iiocTpociiHH o5o5n^ciiBix ((^; q, /3, 7; z^)-;],e4JopMHpoBaHHBix ocu,hji- 
jiHTopoB H HX oci^HjijiHTopHHx ajire6p. Mbi H3y'^iacM ce nenpHBO- 
;],HMBie npe^CTaBjieHHH. BMacTHOCTH , ocli;hjijihtop ApHKa-Kyna 
H3 rjiaBHHM cooTHomeHHeM cta^ — qa'^a = 1. r^c g > 1, BKjia- 

;],bIBaeTCH B 3TH paMKH. Mbl HaxO^HM CB5I3B 3TOrO OCLi;HJIJlHTOpa 
C g~^-3pMHTOBHMH nOJIHHOMaMH AcKH. Mh HaxOflHM CeMeflCTBO 

KorepeHTHbix cocToaHHii THna BapyTa-fl»cHpapflejijio fljia aToro 
ocn;HjiaTopa. IIpH noMomn pemeHHa cooTBecTByiomeS KjiaccHHe- 
CKoit npoGjieMMti MOMeHTOB CTHjiTBeca mbi flOKa3BiBaeM cbohctbo 
(nepenojiHeHHocTH)nojiHOTbi 3thx cocToaHHit. 
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